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Introduction
Let L = -+ V be a Schrödinger operators on R n , n ≥ , where the nonnegative po- 
Remark .
The rest of this paper is organized as follows. In Section , we state some notations and known results which will be used throughout this paper. In Section , we prove the commutators [b, T β ] are bounded on L p (R n ) and Herz spaces with b ∈ BMO σ (ρ), respectively.
Section  is devoted to the boundedness of [b, R L ] on Herz spaces, where b ∈ BMO σ (ρ).
Some notations Throughout the paper, the Lebesgue measure of the ball B ⊂ R n denote by |B|. c and C will denote unspecified positive constants, possibly different at each occurrence. The constants are independent of the functions. U ≈ V represents that there is a constant c >  such that c - V ≤ U ≤ cV whose right inequality is also written as U V.
Similarly, if V ≥ cU, we denote V U.
Preliminaries

Auxiliary function and BMO type spaces
In this paper, we consider the Schrödinger differential operator
where V is a nonnegative potential belonging to the reverse Hölder class B s , s ≥ n  , which is defined as follows.
Definition . A nonnegative locally L
s -integrable function V on R n is said to belong to B s , s > , if there exists C >  such that the reverse Hölder inequality
Remark . Assume that V ∈ B s ,  < s < ∞. Then V (y) dy is a doubling measure. Namely, there exists a constant C  such that for any r >  and y ∈ R n ,
There exists a constant C such that for  < r < r  < ∞,
In order to study the Neumann problem for the Schrödinger operator, Shen [] introduced the following auxiliary function.
Definition . For x ∈ R
n , the function ρ is defined by
We list some properties of the auxiliary function ρ which will be used in the sequel. 
. Then for any N  > log  C  + , where C  is the constant in (.), there exists a constant C N  such that for any x ∈ R n and r > ,
The bounded mean oscillation space BMO(R n ) was first introduced by John-Nirenberg
[] to study some problems arising from elasticity theory. In harmonic analysis, it is well known that BMO(R n ) is the dual of Hardy space H  (R n ). 
where the supremum is taken over all cubes
denoted by b σ is given by the infimum of the constants satisfying (.), after identifying functions that differ upon a constant. (ii) With the above definition in mind, we define BMO ∞ (ρ) = σ > BMO σ (ρ).
Bongioanni, Harboure, and Salinas [] gave some examples to clarify that BMO(R n ) is a subspace of BMO ∞ (ρ).
, then for all B = B(x, r) with x ∈ R n and r > ,
where σ = (l  + )σ and l  is the constant appearing in Lemma ..
The following result can be deduced from Lemma . immediately. 
Herz spaces
The Herz spaces are defined as follows.
(ii) The non-homogeneous Herz space K
Let X be a function space. We denote by X * the dual of X. For the homogeneous and non-homogeneous Herz spaces, there exist the following dual relations, respectively.
Some lemmas
Let L = -+ V be the Schrödinger operator with V ∈ B s , s ≥ n  . The heat semigroup associated with L is defined as
). For every nonnegative integer N, there is a constant C N such that
, the fractional integral associated with L is defined by
The following result is obtained by Tang and Dong [] .
The following pointwise estimate of K β is a direct corollary of Lemma .. We omit the details.
. For every N ∈ N, there exist constants C N and
and
For the sake of convenience, in the sequel, we take N large enough such that N/(l  + ) -
where N  is the constant in Lemma ..
Lemma . Suppose that V ∈ B s with s
Proof We only prove (a), and (b) can be dealt with similarly. For x ∈ E k and y ∈ E j with j ≤ k -, by a simple computation, we can see that |x-y| ∼  k . By (c) of Lemma ., we have
A ball centered at x and with radius ρ(x) is called critical. In this paper, we use the symbol B(x, ρ(x)) to denote the critical ball. Dziubański and Zienkiewicz [] gave the following covering lemma.
Lemma . ([], Lemma .) There exists a sequence of points {x
Definition . Let γ >  and B ρ,γ be the set {B(y, r) :
and x ∈ R n , we define the following two maximal functions:
In the proof of Theorem . below, we need the following Fefferman-Stein type inequality.
k= is a sequence of the balls as those in Lemma
Throughout this paper, for p ∈ (, ∞), denote by p the conjugate of p, that is,
Now we consider the boundedness of 
Let β  = β  . By Lemma ., we can obtain the following results. 
. By Corollary . and Lemma ., we apply Hölder's inequality to get
Next we deal with the term
With the help of Lemmas . and ., we use Hölder's inequality to deduce that
where
Finally, in Lemma ., take N large enough such that N > N  . We complete the proof of Theorem .. 
Proof Write E j = B(x  ,  j+ r)\B(x  ,  j r). For x ∈ B(x  , r) and z ∈ E j , we have |x -z| ∼ |x  -z|.
With the help of Lemmas ., . and ., we obtain
Taking N large enough, we complete the proof of Lemma ..
With the help of Lemma ., we can obtain the L p -boundedness of [b, T β ]. Denote by T β the dual operator of T β . We have the following.
, and let b ∈ BMO σ (ρ),  < σ < ∞.
Proof We only prove (i), and (ii) follows by duality.
. By Theorem ., Lemma ., and Remark .,
we have
where the last but one inequality is due to Lemma ., and the boundedness of M p in L q (R n ) for p < q. Next, we consider the term
This gives
, by Hölder's inequality and Lemma ., we have
For A  , let x ∈ R n and B = B(x  , r) with r < γρ(x  ) such that x ∈ B. We split f = f  + f  with
Hence we can divide A  into two parts as
. Applying Corollary . and Hölder's inequality, we can get
For A , , by Lemma ., we have
Therefore, we get
Finally, by the L p (R n ) boundedness of M p , we obtain
This completes the proof of Theorem ..
The boundedness of [b, T β ] on Herz spaces
Proof We write
which gives
For M  , by Corollary ., we have
. Now we estimate M  . Via a simple computation, for x ∈ E k and y ∈ E j with j ≤ k -, we can deduce that |x -y| ∼  k . By Lemmas ., ., and ., we use Hölder's inequality to
Take N large enough. For -
We divide the estimate of M  into two cases.
Case : p ≤ . By the p-triangle inequality
Case : p > . By the Hölder inequality, we can get
For M  , note that when x ∈ E k , y ∈ E j , and j ≥ k + , then |x -y| ∼  j . Similar to M  , we have
, we use (.) and Hölder's inequality to obtain
.
Finally, we get
Hence, we have
For M  , by Theorem ., we have
Because x ∈ E k , y ∈ E j , and j ≤ k -, we deduce that |x -y| ∼  k . By Lemmas . and ., we have
Using Lemmas . and . and the Hölder inequality, we have
For the term M , , we use Hölder's inequality to obtain
The above estimate implies that
Take N large enough. Because -
We still divide the proof into two cases.
Case : p ≤ . By the inequality (.) we have
Case : p > . The Hölder inequality implies that
For M  , note that when x ∈ E k , y ∈ E j , and j ≥ k + , then |x -y| ∼  j . Similar to Theorem ., using the following decomposition:
Since N is large enough and -
. Finally, we get
Let T β be the dual operator of T β . By the duality of Herz spaces, we have the following corollary of Theorem ..
Corollary . Suppose that V
With the help of Lemma ., we can get some similar results to Theorem ., . and Corollary . for the non-homogeneous Herz spaces K 
Commutators [b, R L ] on Herz type spaces
. Precisely, we have the following. , and let ( 
Proof By the decomposition
we obtain
For W  , by Lemma ., we have
. Now we estimate W  . Because x ∈ E k , y ∈ E j , and j ≤ k -, we deduce that |x -y| ∼  k . By
Lemmas . and ., we get
For W , , by Lemma ., we have
Using the Hölder inequality, we obtain
where in the last inequality, we have used the boundedness of the fractional integral I  with
. Because V ∈ B s , we use Lemma . to deduce that
The above estimate (.) implies that
Let N be large enough. When j ≤ k -, we have
Next we estimate W , . We have
Take N large enough. For j ≤ k -, we have
Hence, when j ≤ k -, we have
Similar to the proof of Theorem ., by Hölder's inequality and (.), we obtain
For W  , note that when x ∈ E k , y ∈ E j , and j ≥ k + , then |x -y| ∼  j . We have
Therefore, when j ≥ k + , by Lemma ., we have
Similar to (.) and (.), we get
Take N large enough. Because
For W , , using Hölder's inequality, we can easily get
Combining with W  and W  , we get . Hence in the following theorem, we still assume that s ∈ (n/, n).
Proof Similar to Theorem ., we write
Hence, by Lemma ., we have
Using Hölder's inequality and the boundedness of the fractional integral I  with
where in the last inequality we have used (.) above. We get
By Lemma ., we get
Since N is large enough, when j ≤ k -, we have
Next we estimate W  . We can get Using Lemma . and the Hölder inequality, we get the following estimates:
Take N large enough. Because j ≤ k -, we can see that
Hence,
), similar to Theorem ., we use Hölder's inequality to obtain
For W  , if x ∈ E k and y ∈ E j with j ≥ k + , then |x -y| ∼  j . We have On the other hand,
Similarly, we can get
Because - . Let b ∈ BMO σ (ρ),  < σ < ∞. If  < p < ∞,  < q <q, -
There are similar results for the non-homogeneous Herz space K 
() If  < q <q and -
